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Abstract. The anisotropy spin-orbit coupling matrices for a d5 configuration ion in a trigonal ligand-field
have been established. On basis of the anisotropy spin-orbit coupling matrices, the ground state zero-field
splitting of the Fe3+ ions in ilmenite-structure MgTiO3:Fe3+ system has been studied. The calculated
results show that the anisotropy of Fe3+ ions in the diamagnetic ilmenite MgTiO3 is important and
the EPR parameters depend sensitively on the anisotropy divergent parameter. Moreover, the effect of
the anisotropy divergent parameter on the second-order parameter D is obviously larger than that on the
fourth-order parameter (a−F ). Based on this point, the local lattice structure of Fe3+ ion in MgTiO3:Fe3+

system is determined by diagonalizing the complete energy matrices for a d5 configuration ion in a trigonal
ligand-field and considering the second-order as well as the fourth-order EPR parameters D and (a − F )
simultaneously. Our results are consistent with the experimental proposal that Fe3+ ions may locate at
both the Mg2+ and Ti4+ sites.

PACS. 71.70.Gm Exchange interactions – 75.30.Et Exchange and superexchange interactions – 71.70.Ch
Crystal and ligand fields

1 Introduction

MgTiO3 is a diamagnetic oxide which has the trigonal
crystal structure of ilmenite (FeTiO3). The structure of
MgTiO3 is similar to that of Al2O3, both the Mg2+ and
Ti4+ cations occupy octahedrally-coordinated lattice with
C3 symmetry [1–8]. In the present paper, we will re-
port the results of a general survey of the anisotropy
of Fe3+ ion in MgTiO3:Fe3+ system, the effects of the
anisotropy on the ground state zero-field splitting, as well
as the EPR calculation for Fe3+ ion in MgTiO3 crystal.
The initial motivation for this study is that although some
researches have studied the ground state zero-field split-
ting of MgTiO3:Fe3+ system theoretically, most of these
theoretical researches only focused on the low-symmetry
second-order parameter D [6,7]. Since both the EPR pa-
rameters D and (a−F ) relate to the trigonal ligand-field,
herein, we suggest that the two low-symmetry parame-
ters D and (a − F ) should be simultaneously considered
in the description of the 6A1 ground state splitting. In the
investigation of the MgTiO3:Fe3+ system, we note that the
low-symmetry EPR parameters D and (a− F ) cannot be
reasonably explained simultaneously until the anisotropy
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of Fe3+ ion in antiferromagnetic ilmenite MgTiO3 is con-
sidered. Our study of ground state zero-field splitting for
Fe3+ ion in MgTiO3:Fe3+ system provides useful informa-
tion on the single-ion anisotropy to be expected in the an-
tiferromagnetic ilmenite, which is consistent with Haider
and Edgar [4]. In general, the doped system is regarded as
isotropy in the calculation of the spin-orbit coupling in-
teraction, which has been extensively used in the study of
the ground state zero-field splitting. However, it is noted
that this method is successful only for molecules, in which
the differences between the spin-orbit coupling component
parallel to the C3 axis and the other one perpendicular to
the C3 axis are negligible. Since the layered antiferromag-
net MgTiO3 has obviously trigonal distortion, it is predict
ed that there might exists discrepancy between the hori-
zontal spin-orbit coupling coefficient and the perpendicu-
lar spin-orbit coupling coefficient when Fe3+ ion dopes in
MgTiO3 crystal, therefore, we suggest that the anisotropy
divergent effect should be considered. According to this
point, we quantitatively calculate the EPR second-order
and fourth-order parameters D and (a−F ) by diagonaliz-
ing the complete energy matrices for a d5 configuration ion
in a trigonal ligand-field. The results are consistent with
earlier proposal that Fe3+ ions can occupy both the Mg2+

and Ti4+ sites [3–8]. The EPR data for MgTiO3 contain-
ing Fe3+ indicate that the anisotropy of Fe3+ ion in the
diamagnetic ilmenite is not negligible, moreover, the effect
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of the anisotropy divergent parameter on the second-order
parameter D is obviously larger than that on the fourth-
order parameter (a − F ).

2 Theoretical analyses

The perturbation Hamiltonian for a d5 configuration ion
in a trigonal ligand-field may be expressed as [9]

Ĥ = Ĥee + Ĥso + ĤCF =
∑

i<j

e2/ri,j + ζ
∑

i

li · si +
∑

i

Vi

(1)
where Ĥee denotes the electrostatic repulsion energy, Ĥso

denotes the spin-orbit coupling energy and ĤCF denotes
the crystal field potentials. According to the irreducible
representations Γ4(Γ5) and Γ6 of the C∗

3 double group,
two 84× 84 energy matrices corresponding to the pertur-
bation Hamiltonian (1) have been derived [9]. The matrix
elements are the function of the Racah parameters B and
C, the spin-orbit coupling coefficient ζ and the ligand-field
parameters that are in the following forms [10]:

B20 =
(

5
4π

)1/2

γ20〈r2〉,

B40 = 3
(

1
4π

)1/2

γ40〈r4〉,

Bc
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3
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γc
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43 = i
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)1/2

γs
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For Fe3+ in MgTiO3:Fe3+ system, the local symmetry may
be approximated as C3v. We use p1, p2 represent the lig-
and ions in the up and down pyramids in MO6 (M = Mg
or Ti) octahedron respectively and θ1, θ2 the correspond-
ing angles between metal-ligand bonds and C3 axis. In this
case the explicit expression of Bkq may be written as:

B20 =
3
2

[
G2(p1)

(
3 cos2 θ1 − 1

)
+ G2(p2)(3 cos2 θ2 − 1)

]

B40 =
3
8

[
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(
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× (
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Bc
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3
4

√
35

[
G4(p1) cos θ1 sin3 θ1 + G4(p2) cos θ2 sin3 θ2

]

(3)

where G2(pi) and G4(pi) are expressed as:

G2(pi) = qeG2(pi),

G4(pi) = qeG4(pi), (4)

Gk(pi) =
∫ Rp

i

0

R2
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2 rk
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pi
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∫ ∞
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R2
3d(r)r

2
Rk

pi
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dr.

(5)

Since the bond lengths in the two octahedra in
MgTiO3:Fe3+ are not the same, we may predict that

G2(p1) �= G2(p2),
G4(p1) �= G4(p2). (6)

According to the Van Vleck approximation for Gk (pi) in-
tegral and using the point charge model [11], we have the
following relations:

G2(p2) = (Rp1/Rp2)
3G2(p1),

G4(p2) = (Rp1/Rp2)
5G4(p1), (7)

where

G4(p1) =
2G4

1 + (Rp1/Rp2)
5 , G2(p1) =

2G2

1 + (Rp1/Rp2)
3 .

By using the radial wave function of Fe3+ ion in
complexes [12] and considering the bond lengths in
MgTiO3:Fe3+, the ratio of G2 to G4 for Mg2+ site and for
Ti4+ site are estimated to be 1.54 and 1.37, respectively.
With use of the equations (3) and (7), the optical param-
eters B, C, ζ and Dq of Fe3+ in MgTiO3:Fe3+ and the
energy matrices [9], we can study the relationship between
the local lattice structure and the EPR parameters D and
(a − F ).

The EPR spectrum of a 3d5 ion in a trigonal symme-
try field can be analyzed in terms of the following spin
Hamiltonian given by Bleaney and Trenam [13]:

ĤS = gβ
∧
H · ∧S +D

[
S2

z − (1/3)S(S + 1)
]

+ (1/6)a
[
S4

ξ + S4
η + S4

ζ − (1/5)S

× (S + 1)(3S2 + 3S − 1)
]

+ (1/180)F
[
35S4

z − 30S(S + 1)S2
z

+25S2
z − 6S(S + 1) + 3S2(2S + 1)2

]
(8)

where D and F correspond to axial component of the
second-order and the fourth-order respectively. a is the
cubic field splitting parameter. The energy eigenvalues of
ground state 6A1 for a zero magnetic field are given as
follows:

E(±1/2) = (1/3)D − (1/2)(a− F )

− (1/6)
[
(18D + a − F )2 + 80a2

]1/2

,

E(±3/2) = −(2/3)D + (a − F ),
E(±5/2) = (1/3)D − (1/2)(a− F )

+ (1/6)
[
(18D + a − F )2 + 80a2

]1/2

. (9)

Then the 6A1 ground state zero-field splitting energy ∆E1

and ∆E2 can be expressed as [14]:

∆E1 = (±1/3)
[
(18D + a − F )2 + 80a2

]1/2
,

∆E2 = (3/2)(a − F ) − D ± (1/6)

× [
(18D + a − F )2 + 80a2

]1/2
, (10)
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where the signs “+” and “–” correspond to D ≥ 0
and D < 0 respectively. Kuang had shown that the low-
symmetry EPR parameters D and (a − F ) are almost
independent of the EPR cubic parameter a for Fe3+ in
Al2O3 [9], and Yu had given the expressions of the EPR
parameters D, F and a by using high order perturbation
method [15]:

D = (1/28)[5W (5/2, 5/2)− W (3/2, 3/2)
− 4W (1/2, 1/2)],

F =
(
−3/2

√
5
)

W (5/2, −1/2) + (3/14)[W (5/2, 5/2)

+ 2W (1/2, 1/2)− 3W (3/2, 3/2)],

a =
(
−3/2

√
5
)

W (5/2, −1/2), (11)

where W (MS , M ′
S) denotes perturbation matrix elements.

From equation (11), We can see that the (a − F ) param-
eter is not related to cubic parameter a. Therefore, the
low-symmetry EPR parameters D and (a−F ) can be de-
termined by employing cubic parameter a, ∆E1 and ∆E2

which can be obtained by diagonalizing complete energy
matrices.

3 Isotropy calculations

In the local crystalline structure of MgTiO3, which has the
similarly trigonal crystal structure of Al2O3, the cations
Mg2+ and Ti4+ both occupy octahedral sites with C3

symmetry. When 3d5 ions dope in MgTiO3, McClure sug-
gested that the 3d5 ion does not occupy the exact site of
the replaced host ion, but is displaced along the C3 axis
by an amount ∆Z because the repulsive force acting on
the impurity differs from that on the host ion [15]. By tak-
ing z-axis along C3 axis of MgTiO3, the local distortion
may be described by using a displacement ∆Z as plotted
in Figure 1. ∆Z > 0 and ∆Z < 0 represent the shift of
impurity ion towards up and down oxygen triangles, re-
spectively. If one use R10, R20, θ10 and θ20 to represent the
Mg(Ti)-O bond lengths and the angles between Mg(Ti)-O
bond and C3 axis in the up and down pyramids in host
crystal MgTiO3, respectively, then the local structure pa-
rameters R1, R2, θ1 and θ2 for impurity ions replacing the
host ions in MgTiO3 system can be expressed as:

R1 =
[
(R10 sin θ10)

2 + (R10 cos θ10 − ∆Z)2
]1/2

,

R2 =
[
(R20 sin θ20)

2 + (R20 cos θ20 + ∆Z)2
]1/2

,

θ1 = tg−1

(
L10

R10 cos θ10 − ∆Z

)
,

θ2 = tg−1

(
L20

R20 cos θ20 + ∆Z

)
,

(12)

where L10 and L20 are the distances between O2− and
threefold axis in the up and down oxygen triangles, re-
spectively [16]. Thereby, the relationship between the dis-
tortion of local lattice structure of Fe3+ in MgTiO3:Fe3+

system and the EPR parameters D, (a−F ) can be studied

Fig. 1. Displacement model of Fe3+ in MgTiO3 R10 = 2.19 A,
R20 = 2.04 A, θ10 = 45.2◦, θ20 = 63.8◦; R10 = 2.12 A,
R20 = 1.89 A, θ10 = 47.0◦, θ20 = 64.7◦ [6] for Mg2+ and Ti4+

sites, respectively. R1, R2, θ1, θ2 are the structure parameters
when Fe3+ replaces Mg2+ or Ti4+ site, ∆Z represents the shift
along the threefold axis.

by diagonalizing the complete energy matrices and with
use of the optical parameters B and C, the spin-orbit cou-
pling coefficient ζand the cubic ligand-field parameter Dq.
For Fe3+ in MgTiO3:Fe3+ system, to our knowledge, no
optical spectra data were reported. However, one can es-
timate its spectral parameters from the spectral parame-
ters of Al2O3:Fe3+ system because of the similarly local
structure of MgTiO3 and Al2O3 crystals. Thus, we have
B = 660 cm−1, C = 3135 cm−1, ζ = 360 cm−1 [17–19],
and G4 = 8790 cm−1 for Mg2+ site and G4 = 8940 cm−1

for Ti4+ site, respectively, where G4 = 6 |Dq| and Dq is
the ligand-field strength. By taking the optical param-
eters of Fe3+ in MgTiO3:Fe3+ system, we calculate the
EPR second-order and fourth-order parameters D and
(a − F ) vs. the displacement ∆Z by diagonalizing the
energy matrices of the electron-electron repulsion, the
ligand-field and the spin-orbit coupling interaction for a
d5 configuration ion in a trigonal ligand-field. The cal-
culated results are listed in Table 1. It is remarkable
that, if the system is regarded as isotropy, the calculated
EPR second-order and fourth-order parameters D and
(a−F ) of Fe3+ in MgTiO3 cannot agree well with exper-
imental data, simultaneously, i.e. although the calculated
EPR second-order parameter 104Dcalc. = 845.5 cm−1for
∆Z = 0.0888 A in Mg2+ site; 104Dcalc. = 784.9 cm−1

for ∆Z = 0.1711 A in Ti4+ site can agree well with the
experimental findings [4], however, we also note that the
calculated EPR fourth-order parameter (a − F ) deviates
far from the experimental data and this obvious differ-
ence cannot be removed by employing the other group
of the optical parameters in the calculations. This im-
plies that regarding the MgTiO3:Fe3+ system as isotropy
may not be adequate in accounting for the ground state
zero-field splitting. In order to simultaneously explain the
EPR second-order and fourth-order parameters D and
(a − F ) for Fe3+ in MgTiO3:Fe3+ system, the anisotropy
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Table 1. The ground state zero-field splitting ∆E1, ∆E2 and the EPR parameters a, D and (a − F ) for the octahedral Fe3+

centers in MgTiO3, regarding the system as isotropy.

∆Z ζ 104∆E1 104∆E2 104D 104(a − F ) 104a

(A) (cm−1) (cm−1) (cm−1) (cm−1) (cm−1) (cm−1)

Mg2+Site 0 360 9467.4 3315.9 1571.8 102.6 75.7

0.02 8521.1 3006.8 1413.8 106.7 75.7

0.04 7545.2 2688.1 1250.8 110.9 75.7

0.06 6553.2 2364.1 1085.2 115.1 75.7

0.0888 5118.6 1895.6 845.5 121.2 75.7

0.10 4566.5 1715.6 753.3 123.8 75.7

Ref. [4] 5114.0 1884.7 845.1 115.2 75.7

Ti4+ site 0 360 13132.6 4561.3 2181.9 117.9 78.3

0.04 11268.4 3955.2 1870.6 127.7 78.3

0.076 9454.2 3364.1 1567.6 136.4 78.3

0.12 7201.4 2630.6 1191.4 147.5 78.3

0.1711 4768.2 1839.5 784.9 160.2 78.3

0.18 4384.0 1714.8 720.6 162.3 78.3

Ref. [4] 4769.1 1803.5 786.3 136.8 78.3

spin-orbit coupling mechanism will be considered in the
following calculation.

4 Anisotropy spin-orbit coupling interaction

Since the local structure of MgTiO3 has obviously trigo-
nal distortion, it is reasonable to predict that when the
transition-metal ion Fe3+ dopes in MgTiO3 system, the
distorted ligand-field will give rise to an anisotropy effect
on the spin-orbit coupling interaction and causes the dif-
ference between the horizontal spin-orbit coupling coeffi-
cient and the perpendicular spin-orbit coupling coefficient.
Considering the anisotropy, in general, the operator of the
spin-orbit coupling can be expressed as:

∧
H
so

= ζ||
∧
L
z

∧
S
z

+ζ⊥(
∧

L+

∧
S− +

∧
L−

∧
S+)/2, (13)

in which ζ||, ζ⊥ are the horizontal and perpendicular spin-
orbit coupling coefficients, respectively. For the clarity in
physics, we introduce two parameters ζ1 and ζ2 as fol-
lows [20]:

ζ1 =
(
ζ|| + 2ζ⊥

)/
3, ζ2 = (ζ|| − ζ⊥)

/
2,

ζ|| = ζ1 + (4/3) ζ2, ζ⊥ = ζ1 − (2/3) ζ2.
(14)

The physical meanings of ζ1 and ζ2 are the average and
the divergent values of the horizontal and perpendicu-
lar components of spin-orbit coupling coefficient, respec-
tively. Starting from the equation (13) we can obtain the
anisotropy spin-orbit coupling matrices for a d5 configu-
ration ion in a trigonal ligand-field. The direct anisotropy
spin-orbit coupling matrix elements between the 6S and
the 4P states are listed in Table 2. From Table 2, we can

Table 2. The direct anisotropy spin-orbit coupling matrix el-
ements between the 6S and the 4P states.
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2

〉
〈
6S, 5

2
,± 3
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30
5
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5
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∣∣4P, 5
2
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2
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2
,± 5

2

∣∣ −√
5ζ⊥

see that in the condition of ζ|| = ζ⊥, the anisotropy spin-
orbit coupling matrices can degenerate into the case of the
isotropy. One of the most interesting things is to study
the contribution of the anisotropy divergent parameter ζ2

to the ground state zero-field splitting. In present work,
we have derived the Kramers levels of the 6A1 state as
a function of the divergent spin-orbit coupling parame-
ter ζ2 by diagonalizing the complete energy matrices. It
is worthwhile to point out that the ground state zero-
field splitting of Fe3+ ion in MgTiO3 depends sensitively
on the anisotropy divergent parameter ζ2 (see Tab. 3).
Table 3 clearly shows that the value of the 6A1 ground
state splittings goes high as the ζ2 value increases and
the change of second-order parameter D is more distinct
than that of the fourth-order parameter (a − F ). In or-
der to accurately determine the ground state zero-field
splitting of Fe3+ in MgTiO3:Fe3+ system, again the en-
ergy matrices as well as the optical parameters are em-
ployed. The calculations of the EPR second-order and
fourth-order parameters D and (a − F ) vs. the diver-
gent spin-orbit coupling parameter ζ2 and the displace-
ment ∆Z are accomplished by diagonalizing the energy
matrices. As shown in Table 4, both the calculated EPR



H. Wang et al.: Theoretical study of anisotropy spin-orbit coupling and local lattice structure... 487

Table 3. The relationship between Kramers levels in 6A1 state and the anisotropy divergent parameter ζ2 for Fe3+ in
MgTiO3:Fe3+ system, units are in cm−1.

Mg2+ site Ti4+ site

ζ1 ζ2 ∆E1 × 104 ∆E2 × 104 D a − F ζ1 ζ2 ∆E1 × 104 ∆E2 × 104 D a − F

360 −1.0 7312.9 2596.6 1212.6 101.8 360 −2.0 8731.4 3092.4 1448.2 116.6

−0.8 7743.6 2740.6 1284.4 102.1 −1.92 8907.6 3151.0 1477.6 116.6

−0.6 8174.4 2884.4 1356.2 102.3 −1.5 9830.0 3458.9 1631.4 116.8

−0.4 8605.1 3028.0 1428.0 102.3 −1.0 10929.7 3825.8 1814.7 117.1

−0.2 9035.9 3171.6 1499.8 102.3 −0.5 12030.9 4193.2 1998.3 117.3

0 9467.4 3315.9 1571.8 102.6 0 13132.6 4561.3 2181.9 118.0

0.2 9899.3 3459.8 1643.8 102.6 0.5 14236.1 4929.6 2365.8 118.2

0.4 10330.5 3603.8 1715.6 102.8 1.0 15340.3 5298.4 2549.8 118.7

0.6 10762.0 3747.6 1787.6 102.8 1.5 16445.4 5667.2 2734.0 119.0

0.8 11194.4 3892.2 1859.6 103.1 1.92 17374.6 5977.2 2888.9 119.2

1.0 11626.2 4035.8 1931.6 102.9 2.0 17551.8 6036.5 2918.4 119.4

Expt. [4] 5114.0 1884.7 845.1 115.2 Expt. [4] 4769.1 1803.5 786.3 136.8

Table 4. The ground state zero-field splitting ∆E1, ∆E2 and the EPR parameters a, D and (a − F ) for the octahedral Fe3+

centers in MgTiO3considering the anisotropy effect.

∆Z ζ1 ζ2 104∆E1 104∆E2 104D 104(a − F ) 104a

(A) (cm−1) (cm−1) (cm−1) (cm−1) (cm−1) (cm−1) (cm−1)

Mg2+site 0 360 −0.6 8174.4 2884.4 1356.2 102.3 75.7

0.02 7220.1 2572.8 1196.9 106.4 75.7

0.04 6237.2 2251.3 1032.7 110.3 75.7

0.06 5238.5 1925.2 865.9 114.6 75.7

0.0625 5113.1 1884.3 845.0 115.1 75.7

0.08 4234.6 1597.5 698.2 118.9 75.7

0.10 3239.6 1273.2 531.8 123.4 75.7

Ref. [4] 5114.0 1884.7 845.1 115.2 75.7

Ti4+ site 0 360 −1.92 8907.6 3151.0 1477.6 116.6 78.3

0.02 7973.1 2847.2 1321.5 121.5 78.3

0.04 6986.1 2525.9 1156.7 126.3 78.3

0.06 5960.2 2191.8 985.3 131.3 78.3

0.08 4913.0 1850.2 810.3 136.0 78.3

0.0827 4770.8 1804.2 786.6 136.9 78.3

0.10 3861.0 1507.7 634.5 141.1 78.3

Ref. [4] 4769.1 1803.5 786.3 136.8 78.3

second-order and fourth-order parameters D and (a − F )
of Fe3+ in MgTiO3:Fe3+ system agree well with the ex-
perimental findings with ζ2 = −0.6 cm−1, ∆Z = 0.0625 A
for Mg2+ site; ζ2 = −1.92 cm−1, ∆Z = 0.0827 A for Ti4+
site, respectively. Our results imply that the anisotropy
spin-orbit coupling effect is important and the anisotropy
is not negligible in studying the Fe3+ ion in the diamag-
netic ilmenite MgTiO3:Fe3+ system. This opinion is con-
sistent with Haider and Edgar [4]. From our calculation,
we have determined that the Fe3+ ions can occupy both
the Mg2+ and Ti4+ sites, which may explain why the EPR
spectrum of iron doping, unlike manganese doping, is not

very intense [3].The results are consistent with the earlier
findings reported by experiments [3–5].

5 Conclusions

The anisotropy spin-orbit coupling matrices for a d5 con-
figuration ion in a trigonal ligand-field have been estab-
lished. The ground state zero-field splitting of Fe3+ ion
in MgTiO3:Fe3+ system has been investigated by con-
sidering the anisotropy spin-orbit coupling interaction.
It is noted that the EPR parameters, especially the
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low-symmetry second-order parameter D, depend sensi-
tively on the anisotropy divergent parameter ζ2. The re-
sults demonstrate that the experimental EPR parame-
ters D and (a − F ) of Fe3+ in MgTiO3:Fe3+ system can
be satisfactorily explained by considering the contribu-
tions of the anisotropy divergent parameter ζ2 to the
ground state zero-field splitting. It is confirmed that the
Fe3+ ions can occupy both the Mg2+ and Ti4+ sites for
ζ2 = −0.6 cm−1,∆Z = 0.0625 A and ζ2 = −1.92 cm−1,
∆Z = 0.0827 A respectively, which are consistent with
the experimental findings.

This project was supported by National Natural Science Foun-
dation of China (No. 10374068) and the Doctoral Education
Fund of Education Ministry of China (No.20050610011).
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